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THE FREE BOUNDARY OF VARIATIONAL INEQUALITIES WITH GRADIENT 

CONSTRAINTS 

MOHAMMAD SAFDARI 


Abstract. In this paper we prove that the free boundary of the minimizer of 

I(v) := f ~\Dv\ 2 — rjv dx, 

JU 2 

subject to the pointwise gradient constraint 

\Dv\ p < 1 , 

is as regular as the tangent bundle of the boundary of the domain. To this end, we study a generalized 
notion of ridge of a domain in the plane, which is the set of singularity of the distance function in 
the p-norm to the boundary of the domain. 


1 . Introduction 

Let U be a bounded, open set in R 2 whose boundary is at least C 2 0 Suppose K C R 2 is a balanced 
(symmetric with respect to the origin) closed convex set whose interior contains the origin. Let 

7 k{x) := inf{A > 0 | x G AA'} 
be the gauge function of K. Also let 

K° := {x | x • k < 1 for all k £ K} 

be the polar of I\. By our assumptions, 7 k and 7^0 are norms on R 2 (see Rockafellar 0). Let cLk° 
be the metric associated to the norm 7^°. 

We assume that 7^° is strictly convex. This is equivalent to requiring K° to be strictly convex, i.e. 
its boundary does not contain any line segment. The latter happens, for example, when K is strictly 
convex and its boundary is C 1 (see Crasta and Malusa @j). As an example, let K = {x \ ') q {x) < 1 } 
for q > 1 , where 7 q (x) = \x\ q := (\x\\ q + la^l 9 ) 1 / 9 is the g-norm of x = (aq,;^). Then 7^0 = 7 p is 
strictly convex, where p = -^1 is the dual exponent to q. 

Let 

I(v) := / -\Dv \ 2 — rjvdx, 

Ju 2 

where 77 > 0 . Let u be the minimizer of I over 

W K := {v G H](U) | 7 k (Dv) < 1 a.e. }. 

It can be shown that u is also the minimizer of I over 

{v G Hl(JJ) I v(x) < dK°{x,dU) a.e. }. 

For the proof see Brezis and Sibony [l|, Treu and Vornicescu [l 3 [ and Safdari fl 2 | . 

^This implies that U is the union of finitely many components, and each component is the interior of a simple closed 
Jordan curve with finitely many holes. Each hole is itslef, the interior of a simple closed Jordan curve. 
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When K is the unit disk, and therefore 7a',7a'° are both the Euclidean norm, the above problem 
is the famous elastic-plastic torsion problem. The regularity of the free boundary of elastic-plastic 
torsion problem is studied by Caffarelli and Riviere { 3 , 3 ], Caffarelli and Friedman [ 2 ], Friedman and 
Pozzi Q) and Caffarelli, Friedman, and Pozzi :">|. Their work is explained by Friedman |S]. 

In this paper, we extend their results to the more general problem explained above. A motivation 
for our study was to fill the gap between the known regularity results mentioned above and the still 
open question of regularity of the minimizer of some convex functionals subject to gradient constraints 
arising in random surfaces. To learn about the latter see the work of De Silva and Savin Q. 

In order to study the free boundary, we generalize the notion of ridge, by replacing the Euclidean 
norm by other norms. We also consider the singularities of the distance function (in the new norm) to 
the boundary of a domain. These notions have been considered and applied before by Li and Nirenberg 
0 , and Crasta and Malusa Q- In particular the work of Crasta and Malusa |6j has considerable 
intersection with ours. The difference between our work and theirs lies in that we allow less regular 
domains, and consider norms that are less restricted in some aspects than what they consider. 


2. The RidgeQ 

First, we start by generalizing the notion of ridge. 

Definition 1. The A -ridge of U is the set of all points x £ U where 

dx{x) '•= dx(x, dU) 

is not C 1,1 in any neighborhood F of i. We denote it by 

Rk- 


Lemma 1. Suppose 7a is strictly convex. If dx{x) = 7a {x — y) = jx(x — z) for two different points 
y, z on dU, then dx is not differentiable at x. 


Proof. Along the segment xy (and similarly xz) we have 

t 


dx (a 


7 k(x - y) 


(y~x)) =Jx(x + 


( 2 . 1 ) 


7 k(x - y) 
= 7 k{x — y) — t. 


(y-x)- y) 


Now suppose to the contrary that dx is differentiable at x, then we have 


( 2 . 2 ) 


Ddx(x) • V X = -1 = Ddx(x) ■ Z X 

7 K(x-y) 7a (x-z) 


We know that "/x°(Ddx{x)) = 1 . Thus, by strict convexity of 7 a, there is at most one direction e 
with 7 a (e) = 1 along which 


D e dx{x) = Ddxix) ■ e = — 1 . 
Therefore dx can not be differentiable at x. 


□ 


Definition 2. The subset of the AT-ridge consisting of the points with more than one dA-closest point 
on dU , is denoted by Rx.o- 

Now we return to our minimization problem. We assume that the minimizer, u, is in C* 1 (t/). See 
Safdari | 12 | for the proof of a stronger regularity assuming some extra restrictions on jx° ■ 


2 In this section we do not need any assumptions about dU. 


2 







Lemma 2. We have 


{x £ U | u(x) = dx°(x)} = {x £ U | 7 k(Du(x)) = 1 }, 

and 

{x £ U | u(x) < dx °(x)} = {a; e U \ 'yxiDu(x)) < 1 }. 

Proof. First suppose u(x) = dx° (x) = 'yx 0 (x — y) for some y £ dU. Then by Lemma [3] we have 
Diu{x) = —1, where l is the direction of Icy segment (with jx°{l) = 1)- Therefore 'yx(Du(x)) can not 
be less than 1 . 

Next suppose Diu(x) = 1 for some l with "/x° (/) = 1, and u(x) < dx°(x). We know that Du is 
harmonic in the component of the open set u < dx ° containing x. As \Diu\ < 1 on this open set, 
the strong maximum principle implies that Diu is constant 1 there. Now consider the line containing 
x in the l direction and suppose it intersects the boundary of the open set in y. If y £ dU, then 
moving along the line we see that u = dx° 0 contradicting the choice of x. If y £ U, then we must 
have u(y) = dx°{y)- Also since Diu(y) = 1, l must be the direction that connects y to (one of) 
its difo-closest point on dU. Again we can see that along the line we have u = dx °, which is a 
contradiction. □ 

Definition 3. The set 


{x £ U | u(x) = dx°{x)} = {x £ U | 7 x{Du{x)) = 1} 
is called the plastic region and is denoted by P. The set 

{x £ U | u{x) < dx°(x)} = {x £ U | 7 x(Du(x)) < 1} 
is called the elastic region and is denoted by E. 

Lemma 3. Suppose x £ P , and y £ dU satisfies u(x) = 7 x° {x — y). Then the segment xy is entirely 
plastic 0 


Proof. Consider v = u — dx°- Then along the segment xy we have Didx 0 = — 1, where l is the 
direction of the segment with 'yx°(l) = 1- Thus D/v > 0 along the segment, as \Diu\ < 1. Now since 
v(x) = v{y) = 0, we have v = 0. Therefore u = dx° along the segment as desired. □ 


Theorem 1 . We have 


Rx° ,0 c E. 


Proof. Suppose to the contrary that x £ Rx°, 0 C P. Then there are at least two points y,z £ dU such 
that 


dx ° {x) = 7x° {x-y)= ^x° {x- z). 

Now by the above lemma we must have xy,xz C P. In other words u = dx° on both xy and xz. This 
implies that 


Du(x) 


y-x 

7 k° (y - x) 


— 1 = Du(x) • 


z — X 

IK 0 (Z-X)’ 


which is a contradiction. 


□ 


^Actually, along this segment we have u(-) = d^o (•, y) > dxo (•)• 
^This segment is obviously inside U. 


3 





3. The Case of p -norms 

From now on we consider ^k° to be the p-norm, j p , with p > 2, where 

'r P ((xi,x 2 )) := (|x'i| p + |x 2 | p )r. 

We denote the corresponding ridge by R p and call it the p-ridge. In this case, the minimizer is in 
C£(U) (see Safdari 0 )- 

Lemma 4. The R Pt 0 of a disk, i.e. the set of points inside the disk which have more than one p-closest 
point on its boundary, consists of the union of its diagonals parallel to the coordinate axes. 

Proof. It is easy to see that we can inscribe a p-circle inside the disk centered on the prescribed 
diagonals and touching the boundary of the disk in at least two points, so the R Pi 0 contains them. 
Using Lagrange multipliers we can see that centered at any other point in the disk, we can inscribe a 
p-circle touching its boundary in exactly one point. □ 


Next let us take the circle (x — a) 2 + (y — b) 2 = r 2 and assume that at the point (xq, yo) on it, the 
inscribed p-circle \x — c| p + | y — d\ p = s p is tangent to the circle. We are interested in the direction 
(c — xq, d — yo). This is the direction of the segment starting at (xo,yo) along which, (xo,t/o) is the 
p-closest point on the circle to its points (for nearby points). 

At (xo, yo) the tangents, hence the normals, of the circle and the p-circle are parallel. Therefore we 
have 

2 (a -x 0 ,b- y 0 ) = Ap((c - x 0 )|c - x 0 | p_2 , (d - yo)\d - yo\ p ~ 2 )- 
Thus the direction of (c — xo, d — yo) is (parallel to) 

(3.1) {fp( a ~ xo), f p (b — yo)), 

where f p is the inverse of the one to one map 1 1 —> t\t\ p ~ 2 = sgn(f)|t| p_1 . It is easy to see that f p is odd, 

1 2 — p .. 2 — p 

and \f P (t)\ = Also for nonzero t we have f p (t) = t\t)~, and f p (t) = The following 

lemma is easy to prove. 

Lemma 5. If xq ^ a , yo 7 ^ b, then there is an inscribed p-circle inside the circle which is touching 
the circle only at ( Xo,yo)■ 


Next, we introduce a notion of curvature for curves in the plane. 


Definition 4. The p-curvature of a curve (x(t),y(t)) in the plane is 


(3.2) 


x'y" - y'x" 


(p — lJlx'l ^- 1 Ij/'Ip - 1 (Ix'I ?- 1 + \y'\ p ~ 1 ) p 


It is easy to see that n p does not change under the reparametrization of the curve, hence it is an 
intrinsic quantity. 

Note that the p-curvature is not defined at the points where the tangent (hence the normal) to the 
curve is parallel to the coordinate axes. It also has the same sign as the ordinary curvature. It is 
also easy to see that the p-curvature of a p-circle is the inverse of its p-radius at all points where it is 
defined. 

One notable difference between the usual curvature and the p-curvature for p > 2 is that k p does 
not appear in the first variation of the p-length. 
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Lemma 6. Suppose Xi £ U converge to x £ U, and y £ dU is the unique p-closest point to x. If 
yi £ dU is a (not necessarily unique) p-closest point to Xi, then yi converges to yE 


Proof. Suppose that this does not happen. Then a subsequence of yi, which we denote it again by yi, 
will remain outside an open ball around y. Take this ball to be small enough so that x lies outside of it. 
Now consider a p-circle around x that touches dU only at y (The p-radius of the p-circle is obviously 
d p (x)). Consider the subsets of this p-circle and dU that lie outside the above ball. These subsets are 
compact sets that do not intersect. Therefore they have a positive p-distance, <5, of each other. Let 
e < 6/2 be small enough so that the p-circle of p-radius e around x is inside the above p-circle, and 
does not touch the ball around y. As Xi approach x, they will be inside the p-circle with p-radius e. 
Thus 

d p (x) + 6 < j p (x - y^ < j p (x - Xi) + -] p (xi - yf) < e + 7 p (x, - yf). 

Hence 


d p (x) + 5 - e < d p (xi). 

But, as d p is continuous, for small enough e we must have 


dp(xi) d p (x) T 6/2, 


which is a contradiction. 


□ 


We now impose some extra restrictions on dU, in order to study the regularity of d p . We denote 
the inward normal to dU by v. 

Assumption 1. We assume that at the points where the normal to 8U is parallel to one of the 
coordinate axes, the curvature of dU is small. In the sense that, if we have (t,b(t)) as a nondegenerate 
C m ’ a (m >2, 0 < a < 1) parametrization of dU around yo := (0, 6(0)), and b'( 0) = 0; then we 
assume b' goes fast enough to 0 so that b'it) = c(t)\c(t)\ p ~ 2 , where c(0) = 0, and c is (7 m_1 - a . 

Also we require c'(0) to be less than 1, and small enough so that 1 — c , (0)d p (-) does not vanish at 
the points inside U that have yo as the only p-closest point on duE 

We will call these points the degenerate points of Assumption [TJ 


Remark 1. These assumptions will imply that there is a p-circle inside U touching dU only at yo- 

Theorem 2 . Suppose dU is C m ’ a (m > 2, 0 < a < 1) or analytic, and satisfies Assumption^ 7] Then 
outside Rp.o, d p = d p (-,dU) is C m ’ a or analytic, except at the points with 

(3.3) Kp(y(x))d p (x) = 1. 

Where y(x) is the p-closest point on dU to x. 


Proof. Suppose y £ dU and v(y) = ( a(y),b(y )) is not parallel to the coordinate axes. Then as v is 
smooth, it is not parallel to the coordinate axes in a neighborhood of y. Also as dU is smooth, there 
is a circle inside U that is tangent to dU only at y. Then v(y ) is also normal to the circle at y. By 
Lemma [5] there is a p-circle inside the circle and tangent to it (only) at y. Then we know that the 
points on the segment joining y to the center of the p-circle have y as the p-closest point to them on 
dU. Also 


(3.4) 


t{v) = 


(|a| p- 1 + |6| p- 1 ) p 


l(fp(a),fp(b)) 


5 This lemma does not need any assumptions about dU. 

^The requirement that c^O) < 1 is only used to show that there is a p-circle in U that touches dU only at yo, but 
after examining this more carefully, it became apparent that this restriction is superfluous. 
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is the direction along which y is the p-closest point. Note that by the above assumption on the dU, 
this formula also gives the correct direction at points where one of a or b is zero. Also note that as 
f p (t) has the same sign as t, p is pointing inward U. 

Definition 5. We call p the inward p-normal to dU at y. 


If two points have the same point on dU as their p-closest point, then a p-circle centered at them 
will be tangent to dU at that point. As the inward normal to a point on a p-circle uniquely determines 
the point, the two points must be collinear with the point on the boundary. Hence the above normal 
bundle fi to dU gives at each point the only direction along which the point is the p-closest one. 

Let Xo be a point in U — R p .o and yo = y( Xq). Let y(t) = ( a(t ), b(t)) for |t| < L, be a nondegenerate 
C m,a Qr ana iyti c parametrization of a segment of dU with y( 0) = y q. Also suppose that (a + e, b) is in 
XJ for small positive e. Now consider the map 


F : (t,d) i y(t) + fi(y(t))d 


from the open set {—L,L) x (0, oo) into K 2 . We have F(0, d p (xo)) = Xq- We wish to compute DF 
around this point. First we deal with case that none of the a',b' vanish at 0 (and hence around 0). 
We have v(t) = {—b'{t),a'{t)) and 


(3.5) 


y{t) 


(- f P m)),f P (a'm 

(|a , (t)|p rrT + |6'(f)|p 3T )p 


So we have 
(3.6) 


p'(f) 


{-(a') 2 b" + a’b’a ", ( b’fa" - a'b'b") 

p — 2 p — 2 p p p-|-l 

(p — l)|a'| |6 , |p z:t (|a.'| p— 1 + 16 ')~ 

= -K p (a',b'). 


Hence 


(3.7) 


DF = 


a' — K p a'd 


2-P 

-fe'lfe'H- 1 

(|o'|P=T+|b'|P=T)P 


b' — K p b'd 


2-P 

a |a jP - 1 _ 

(| a' | P—T +|b / 1 P— 1 ) P 


Thus 

(3.8) det DF = (|a'|+ \b' (1 - Kp d) = 7 9 ((a', 6 '))(l - n p d), 

where q is the dual exponent to p. This implies that F is C m ~ 1,a around (0, d p (a;o)) with a C m ~ 1 ' a 
inverse, since n p (yo)d p (xo) ^ 1 . 

Next suppose one of the a', b 1 vanishes. Thus the normal to dU is parallel to the coordinate axes. 
We assume that 6'(0) = 0. The other case is similar. Note that by the assumption on dU we still have 


, t) = f p (a'(t))) 

(la^t)!” + \b'(t.)\ — )p 

The problem is that f p is not differentiable at 0. To avoid this problem, we use the assumption that 
b 1 goes fast enough to 0. In other words, b'(t) = c{t)\c(t)\ p ~ 2 where c(0) = 0, and c is Hence 

f p (b'(t)) = c(t). We can also assume that a(t) = t with no loss of generality, due to the inverse function 
theorem. Therefore 


p(t) 


(~c, 1 ) 

(1 + |c|P)p ’ 


(3.9) 



and 


n'{t) = 


(—c',0) c|c| p 2 c , (—c, 1) 


(3.10) 


(1 + |c| p )p (1 + |c| p ) p 

- z£ ^rr (a\b'). 

(l + |c| p ) — 


(Note that at t ^ 0 we have k p = - - p+t 0 and this expression is continuous at 0 with the value 


c'(0) there.) Hence 

(3.11) 

Thus 

(3.12) 


(l+|c|P) P 

/1- 


DF = 


-- pTrd 

(l+|c|P) p 


• IP-2 _ 


V 


(1 + |c|p) p 

1 


-2 \ 
p+i d \ 


(l + |c|P)P 


(l+|c|P)P 


detDF = (l + |c| p ) — (1- 


- ~^rrd). 

(l + |c| p ) — 


Since we are only interested at t = 0, 

(3.13) det DF{ 0, d) = 1 - c'(0)d. 

We assumed that c^O) is small enough so that inside U this determinant does not vanish. Therefore 
F is at these points too, with a c m ~ 1,a inverse around them. 

Since F : (t, d) i —> x is invertible in a neighborhood of (0, d p (x o)), we have 

(3.14) x = F(t(x),d(x )) = y(t(x )) + n(t(x))d(x). 

We also know that in general 

x = y{x) + y(y(x))d p (x). 

Note that y(x) need not be unique for this formula to hold. If we take x close enough to xq, then by 
continuity y(x),d p (x) will be close to y(xo),d p (xo)- And by invertibility of F we get 

y(x) = y(t(x)) , d p (x) = d(x). 

As we showed that x i->- (t, d) is locally C we obtain that d p (x) and y(x) are also locally C m ~ 1 ' a . 
Note that this also shows that all points around Xo have a unique p-closest point around yo, which by 
continuity is the unique p-closest point to them on dU. 

Next let us compute the first derivative of d p and t. Looking at DF we can compute 


(3.15) 

Which implies 

(3.16) 


DF~ l = 


( _ q'la'IF^ _ 

(l-/t p d)(|a'|P^T+|6'|P^ 


-b' 


\ 


2-P 

b' |fa' | P — 1 

- zzz — 


\ (1 —Kpd)(|a'| P^+lb'l P^ 

-b' 


Dd p {x) = ( 


lq({a',b')y 7 g ((a , ,6')) 


a 

7 q{a\b') J 

), 


^This equality only holds at the points where c / 0. But if we define k, p to be c' at the points where c = 0, k p 


becomes continuous. 
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and 


(1 — Kpd)(|a'|~ + |6'|5 =t) 

Specially note that as are C m_1,a , d p is C m,a . A similar conclusion can be made for the 


(3.17) Dt(x) = 

Specially note that as a' 1 b'A 
degenerate points noting that 

(3.18) 


/ 


DF~ l = 


(l+|c|P)(l- 


V 


(l+|c| *>)(!- 


- sL Sr*) 

(l+|c|P) P 


~c|c|* 


P+1 ^ (l + |c|p)"p 

(l+|c|P) P 


W \ 


P" 1 

(l + |c|P) P 


□ 


Theorem 3. We 

(3.19) 
where 

(3.20) 


A d p = 


-(P - 1 )t p k p 

1 Kp dp 


(|6'| p- 1 + \a'\p- 1 )\a'b'\p- 1 

p p 2p — 2 

(|a'|p- 1 + \b’\p - 1 ) p 


is a positive reparametrization invariant quantity along dU. At the degenerate points of Assumption^ 
we have A d p = 0. 


Proof. We know that 


Therefore 


Similarly 


Dd p (x ) 


lq{a' , b') ’ 7 g (a', b') 


(-b'(t),a'{t)) 

(| a' | p=+ + |&'|i£r) , T i ‘ 


Dudp — 

-b" b'{a'\a'\^a"+ b'\b'\^b") 

[ p p p —1 I p p 2p—1 \dt\t 

(I a' I + 1 | (la'I^ + | 6 '|p=T) — 

_ [-\a'\^b" + b'a'la'p^a'yia'p* 

(1 — n p d){\a'\ p^ 1 + |6 '|p=t) P p 


D22d p — 


(la'I^i + |&'|^)V 


afa'la'p^a" + b'\b'\l^b"). 

p p 2p— 1 

(|a/| p- 1 + |fe'| p- 1 ) p 


[\b'\l^a" - b'a'\b'\^b"}b'\b'\l^ 
(1 — n p d){\a'\'p =T + | b '|) p 


®Outside 























Hence 


A d p = 

_ a"b'(\b'\^ + |a'|^) - b"a\\b'\^ + [o '\&] 
(1 — K p d)(|a , |p= T + 16' | p=t ) P p 
— (p — 1)k p (|6'|5=t + |a , |p :rT )|a / 6'|p rrT 
1 — K p d (la'I^ 1 + (6 'Ip^ 1 ) p 
—{p - 1 )t p K p 


1 k p d p 


For the degenerate case, we just need to note that by our assumptions A d p is continuous. Thus if 
we rewrite the above formula in this case (for t ^ 0) we get 


(3.21) 


AgL = 


-(p-l)T p K p ~{p~ l)(l + C 2 )|c| P V 


1 


1 — Kpd 


3p — l 

(1 + |c|P)~ 


1 - 


c' d p 

P+1 

(1+|c|p) p 


And as t —» 0 this expression goes to 0. Hence A d p = 0 in this case. 


□ 


Theorem 4. The p-ridge consists of R P ,o and those points outside of it at which 

1 — Kpdp = 0. 

Proof. First note that we assumed as before that 1 — c'(0)d p does not vanish inside C/@ Thus we do 
not need to consider the degenerate case. 

So far we showed that the p-ridge contains R p .o, and every other point at which 1 — K p d p ^ 0 is 
not in the p-ridge. Now suppose 1 — K p (y(x))d p ( x) = 0. Then K p (y) = > 0. We claim that A d p 

blows up as we approach x from a neighborhood of the line segment xy. The reason is that on this 
segment 1 — K p d p ^ 0 (hence also in a neighborhood of it by continuity). Thus we can apply the above 
theorems to show that d p is at least C 2 on a neighborhood of the segment, and its Laplacian is given 
by the formula (13.191) . Therefore d p blows up, and can not be C 1 ’ 1 in any neighborhood of x. □ 


Theorem 5. The p-ridge is elastic. 

Proof. We already showed that R p p is elastic. Therefore consider a (nondegenerate) point x not in 
R p p at which 1 — K p (y(x))d p (x) = 0, and suppose it is plastic. (Note that K p (y(x)) > 0.) Then we 
know that the segment between x and y{x) is also plastic. Hence along the segment u = d p . As u < d p 
in general, for a in the segment we have 

(3.22) A h£u(a) := (u(a - h£) + u{a + h£) - 2 u(a)) < A \^d p {a). 


Where f is the direction orthogonal to the direction of the segment, ( := Note that d p is linear 

along the segment so D^d p vanishes there. Hence A d p = D^d p on the segment. Therefore 


limZl? f cip(a) = lim 

n —^ ^ n —V'r 


~(p - l)T p {y)K p (y) 


= —oo. 


a^x 1 — Kp{y)d p (a) 

Thus for large positive M we can choose a close to x, and h(a) small enough, such that for h < h(a) 

A l^u(a) < A l^d p (a) < -M. 


^If we do not assume this, we cannot carry over the proof of this theorem to the case of degenerate points of 
Assumption fTl since A d p = 0 there. 
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Fixing a and taking the limit as h — > 0 we get 


D^u(a) < —M. 

(D 2 u must actually be interpreted as the Lipschitz constant of Du. 0 
regularity of u around x. 


But this contradicts C 1,1 
□ 


Lemma 7. 1 — K p d p > 0 on the free boundary. 

Proof. Suppose Xo is on the free boundary, and yo is the p-closest point on dU to it. As the free 
boundary is part of the plastic region, 1 — n p (y 0 )d p (xo) is nonzero. But if it was negative we would 
have 

1 - K p (y 0 )d p (x') = 0 

for some x' in the segment xoyo- Since d p linearly grows along this segment and it is zero at yo. Thus 
x' must be in the elastic region contradicting the fact that the segment is plastic. 

In the degenerate case of Assumption |T| we need to replace 1 — n p d p with det DF. The proof is the 
same. □ 


4. Domains with Corners 

We now relax some of the constraints on dU. We assume that dU consists of a finite number of (at 
least) C 2 (up to the endpoints) disjoint arcs Si,-- - , S m . We denote by Vi the vertex Si ft Sj+i, and 
by cti the angle formed by Si, Sj+iU 

Definition 6. We say the vertex V) is a reentrant corner if a, > 7r, a strict reentrant corner if 
a* > 7r, and a nonreentrant corner if on < 7 

Let us look more closely at the arguments in the proof of regularity of d p . We see that as long as the 
point yo € dU is not the p-closest point on dU to any point in U\R Pi o, we do not use any regularity 
assumption about dU at yo- Therefore instead of Assumption [1] we can assume 

Assumption 2. If yo £ dU is a point where the normal to the boundary at it is parallel to one of the 
coordinate axes, then there is no p-circle inside U that touches its boundary only at yo. 

In this case the p-ridge can extend to dU at yo in the direction of the normal to it. But it will still 
remain inside the elastic region. (Note that by definition, the p-ridge is closed relative to U. Thus it 
remains outside a [/-neighborhood of the free boundary.) 

A sufficient condition for this assumption to hold, is that we can parametrize dU around these 
points as ( t, b(t )) where b'{ 0) = 0 and &"(0) > 0. This is true, for example, when U is a disk. 

It is also easy to see that as p-circles have tangent lines at every point, nonreentrant corners can 
not be the p-closest point on dU to any point in U. 

We have the following generalization of Theorem [2] 


fact £u(a) = j^(D^u(a + hi£) — D^u(a — / 12 O) f° r some 0 < hi < h. Thus we must have |A^ ^u(a)| < 
2||Dfx|| c o, 1 . 

11 We still assume that each component of U is the interior of a simple closed Jordan curve with finitely many holes. 

12 When one of the normals to dU at a nonreentrant corner is parallel to one of the coordinate axes, we do not need 
to assume Assumptions [l] or [2] hold there, except in Section 7. 

When Vi is a reentrant corner and the normal to Si at it is parallel to coordinate axes, either Assumption [I] must 
hold for Si at its endpoint Vi, or the modified version of Assumption [2] must hold, i.e. we assume that there is no p-circle 
inside U whose center is on the p-normal to Si at Vi, and touches dU only at Vi. 
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Theorem 6 . Suppose dU is piecewise C m ’ a for (in > 2, 0 < a < 1) or piecewise analytic, and 
satisfies Assumptions^ 7] or[H Then outside R p p, d p = d p {-,dU) is C m ' a or analytic around the points 
with n p (y(x))dp(x) y 1, where y(x) is the p-closest point on dU to x and is not a reentrant comer. 

If y(x) is a reentrant corner and the segment xy is between the inward p-normals to y, then d p is 
analytic around x. And if the segment xy coincides with one of the inward p-normals (or both of them 
if they coincide) and n p (y(x))d p (x) y 1, where k p is the p-curvature of the corresponding boundary 
paid, then d p is C 1,1 around x. (But not C 2 in general.) 


Proof. We just need to consider reentrant corners. Suppose yo = Vj is a strict reentrant corner and 
it is the p-closest point to xq. Let pi,p 2 be the inward p-normals to respectively S\,S -2 at z/o- We 
assumed that if any of the fif s is parallel to coordinate axes then one of the Assumptions [T] or [5] holds. 

Let l be the tangent line at z/o to Co, where Co is the p-circle around xo which passes through y o. I 
must be between h,l 2 , the tangent lines to Si, S 2 at yo- Because the p-circle is inside the domain. If 
l 7 ^ h,h then we claim that 

dp{x) = 7 P (ir - yo) 

for x close to xo- Therefore d p is analytic there. To prove the claim consider C, the p-circle around x 
that passes through yo- Then C is in a small neighborhood of Co- As Co is inside U except at yo and 
U is open, we can see that C is inside U except possibly at a neighborhood of yo- But the tangent to 
C at yo is close to l thus it is also strictly between li, I 2 . Therefore C is inside U and touches dU only 
at yo- 

Next we consider the case that l = l\. Then xo is in the direction of pi. If pi is parallel to one of 
the coordinate axes, Assumption |T| must hold. We assume that 1 — K p (yo)d p {xo) y 0 where K p (yo) is 
the p-curvature of Si at yo. Now let us extend Si in a smooth way so that Cq still stays inside the 
new domain, and the new boundary stays below l outside of a small neighborhood of Xq- Then d p 
does not change around xo on the side of p 1 that Si is. The reason is that the p-circles around those 
points which touch Si are either completely on the mentioned side of pi, or intersect the interior of 
the segment Xoyo- The later p-circles intersect Co close to xq on the side of Si, since they also touch 
Si outside Co and close to xo- Now note that two p-circles whose centers and p-radii are close to each 
other will intersect at exactly two almost antipodal points. Therefore the mentioned p-circles can not 
intersect the new boundary part, which lies outside of Co on the opposite side of Si. Here we used the 
fact that two distinct p-circle can intersect at at most two points. To see this, note that two p-circles 
cannot intersect more than once on one side of the line that joins their centers. Otherwise we can 
shrink or expand one of them so that they become tangent at one point on that side of the line. But 
in this situation the centers and the point of tangency must be collinear, which is impossible. 

Hence we can apply the regularity result for d p in the case of smooth boundaries. Now consider 
a small disk around xo and divide it by pi. Then d p is smooth up to the boundary of the half disk 
on the same side as S±. On the other half, d p is the p-distance from yo hence it is analytic. Let us 
compute Dd p {xo) from both sides. On the side of Si we have 


n , , x _ , -b' _ a' x _ viva) 

p[Xo) [ lq ((a',b>)y 7 q ((a’,b')y lq (u(yo)y 

where I'iyo) is the inward normal to S± at yo (note that this formula is also true in the degenerate case 
of Assumption [T]) . On the other side we have 


Did p (x 0 ) = Di'jpixo - yo) 


(Qco)i - (yo)OI(xo)i - (yo)i\ p 2 
Ap( x o - 2 /o ) p_1 
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thus 


But we have yt = 7p % 0 "° o) 

(4.1) Did p (xo) = Hu\nii\ p ~ 2 - 


On the other hand 

f P {vi{y o)) 

fJ'li — i ■ 

'Vq(v(yo )) p - 1 


where f p is the inverse of t H>■ £|f| p ^ 2 as before. Therefore the derivative of d p is the same from both 
sides and it is C 1 around xq. As d p is smooth on both sides of yi up to y\, we can say that it is in 
fact C 1,1 around Xq. But it is not in general C 2 there. To see this we compute A d p from both sides. 
On the side of Si we have 


Ad p (xo) 


~(p - l)T p (y 0 )Kp(y 0 ) 
1 ^ Kp(yo)d p (x 0 ) 


And on the other side 


(4-2) A d p (x 0 ) = Y D ulv( x v ~ Vo) 

, 1 ' \ - |Qeq)» - M»l p ~ 2 I(Ri)» ~ (' yo)i\ 2p ~ 2 

[P 7p( xo-y 0 y- 1 7 P (*o - yo)^- 1 


Now if, for example, n p vanishes at yo and (xo)i ^ (yo)i the two values will be different. 

If ai = 7r (which means dU is C l at yo), then we can repeat the same arguments. We can show that 
if a point Xq has yo as the only p-closest point on the boundary and satisfies 1 — d p (xo)(n p )i(yo) ^ 0, 
where (/%>)* is the p-curvature of Si (they can be different at yo as dU is not necessarily C 2 there), 
then d p is C 1,1 in a neighborhood of Xq- But it is also not in general C 2 . □ 


We can also show that if 1 — n p (yo)d p (xo ) = 0 then Xq is in the ridge. The proof of this fact goes 
exactly as in the case of smooth boundaries. The only modification is that we may need to approach 
Xq only from one side of the segment xoyo- 

Theorem 7. Suppose dU is piecewise C m ’ a for (m > 2, 0 < a < 1) or piecewise analytic, and 
satisfies Assumptions [7] or[ H Then the p-ridge consists of f? Pi o and those points outside of it where 
1 — Kpdp = 0. (The necessary adjustment must be made in the case of reentrant comers. B 

Also it should be noted that at points where d p is smooth, we can still compute A d p as in Theorem 
OH or formula (14.211 . 


5. Proof of the Regularity 

In this section we are going to modify the proof presented in Friedman |S] in order to be applicable 
to our situation. The main difficulty for doing so is that we are dealing with the inward p-normal 
instead of the inward normal. 

First let us assume that dU is C m,a for (m > 3, 0 < a < 1) or analytic, and satisfies Assumption 
|T] at degenerate points. We parametrize it by y(t) for 0 < t < L. As before we denote the inward 
p -normal by y = y(y(t)). 

13 The p-ridge is also elastic in this case. Although the proof of Theorem [5] must be modified to show that if xq 
belongs to one of the p-normals at a reentrant corner yo and 1 — K p (yo)d v (xo) = 0, then xq is elastic. In this case we 
need to use the fact that Du = Dd p on the interior of the segment xoyo when xq is plastic. Then moving in the direction 
£ orthogonal to the segment, we must have Dpu < D^d p for some points arbitrarily close to the segment. This easily 
gives a contradiction with the boundedness of the C 0,1 norm of Du around xq. 
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Theorem 8. There exists a nonnegative function Sft), such that the plastic set is 
(5.1) P = {x | x = yft) + sy(t) , 0 < s < S(t) , 0 < t < L}. 

Moreover we have d p (y(t) + s/ift )) = s for 0 < s < 5(t). 

Proof. Remember that for x £ U, y(x) is the p-closest point on dU to a;.We proved that if x € P then 
the segment xy(x) is also in P. 

Consider the (connected) segment starting at the boundary point y in the direction of the inward 
p-normal at it, that lies completely in U. Along this segment we can look at the supremum of points 
that have y as the only p-closest point to them on the boundary. This supremum can not be on dU, 
as points close to that boundary point have p-closest point close to it. 

Now consider the supremum of points on the segment that have y as the only p-closest point, and are 
in P. This supremum also belongs to P as P is closed. Also it has y as the only p-closest point on the 
boundary, as P does not intersect the p-ridge (specially R p p), and the p-closest point on the boundary 
changes continuously. In addition, this supremum belongs to U as it precedes the first supremum. □ 


Remark 2. Note that 


(5.2) yft) + ( S(t ) + e)p(f) G E, 

where 0 < e < eft). The reason is that xft) = yft) + Sft)fj,(t) is inside U by the above proofFl 
If we show that 5 is continuous, then T, the free boundary, is parametrized by 5ft) for 0 < t < L. 
Theorem 9. S is a continuous function oft. 


Proof. Suppose we want to show the continuity of 5 at to from right. Let t n to and suppose that 
6ft n ) —> 5(to) + e where e > 0. Then look at the points 

x n = yft n ) + (5 (to) + e/k)fj,(t n ), 


where k is a big constant that makes x = y(to) + (8ft o) + e/k)y(to) remain inside the elastic region 
E. Now for large n, x n is in the plastic region and we have u(x n ) = d p (x n ). But by continuity of 
it, dp we must have u(x) = d p (x), which is a contradiction. Therefore the limit points of the S values 
of any sequence approaching to must be in the interval [0,<5(to)]- hr particular if Sfto) = 0 then 5 is 
continuous at to- 

Now we need to show that the limit points can not be less than Sfto) either. First let us show that 
there is a sequence t n \ to such that Sft n ) —> Sfto). If this does not happen then 8 (to) is outside the 
closed set of all limit points of 8- values of all sequences approaching to from right. Therefore an interval 
of the form [S(to) — e, S(to)] is out of this set. This means that for t close to to we have S(t) < Sfto) — e. 
So the open set 

{x | x = yft) + sn(t ), 8(t 0 ) - e < s < S(t 0 ), t 0 < t < t + e'} 
is elastic and over it we have 

—Am = y. 


(This set is an open set by invariance of domain, as it is the image of the locally injective continuous 
function Fft, s) = yft) + sp(t) introduced in the proof of Theorem^ We just need to take e, e' small 
enough.) Thus u is analytic there. Now on the segment 


{y(t 0 ) + | 6(to) - e < s < S(t 0 )} 


14 When S(t) = 0, we use the fact that a one-sided neighborhood of dU is inside U. 
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we have u = d p and d p is a linear function there. Also as u — d p achieves its maximum there and it is 
C 1 , we have Du = Dd p . But Dd p is constant along the segment and its value depends only on y,(to) 
there. Hence by uniqueness of the solution of the Cauchy problem, locally, u equals the linear function 
whose derivative is Dd p plus a quadratic function of the euclidean distance from the line containing 
the segment. (Note that —A is elliptic so the segment is a noncharacteristic surface for it.) As these 
two functions are analytic, they must be equal on the component of the elastic region attached to the 
segment. But this component contains the set 

{y(t 0 ) + sn(t 0 ) I 5 (to) < s < 6 (to) + e}. 


Hence u equals the linear function there, as the quadratic part vanishes on it. However the linear 
function equals d p along this segment too. Hence we get a contradiction. 

Now suppose s n \ to and 6(s n ) —> <5(to) — e. By taking subsequences we can assume t n +\ < s n < t n 
where S(t n ) —> 5(to)- For n large enough, S(s n ) is less than 5(t n ),6(t n + 1 ). As we showed that S is 
upper semicontinuous, it achieves its maximum over [t n +i, t n \. Let this maximum be M n . The set 
{t £ (t n+ i,t n ) | S(t) < M n } must be open for the same reason. Let (t' n+1 ,t' n ) be the component of it 
that contains s n . Obviously the largest of S(t' n+1 ),S(t' n ) equals M n . Now take the set 

(5.3) A n = {t' n+1 <t <t' n ,m n < s < M„j, 

where m n is the infimum of <5 over [f( i+1 ,t(J. We want F(A n ) to be an open set. Set 

xo = y(to) + S(t 0 )n(t 0 )- 

Lemma [7] implies 

1 - Kp(t 0 )d p (x o) = 1 - K p (to)S(t 0 ) > 0. 

(In the degenerate case of Assumption |T| we need to replace this expression with clet DF at those 
points). We know that F is injective on a neighborhood of xo- We choose this neighborhood small 
enough so that 1 — n p d p > 0 over it too. Let n be large enough so that for t n +i < t < t n the half-lines 
containing inward p-normals intersect this neighborhood. Then as 1 — K p d p can change sign only once 
along these half-lines, we conclude that it is positive on F(A n ) (Note that M n is close to 6(to))- Hence 
F is at least C 1 on A n , and the determinant of its derivative never vanishes. This implies that F is 
injective on A n . Otherwise the restriction of F to the segment connecting two points with the same 
A-value would have a local extremum, which implies DF has a zero eigenvalue there, contradicting 
the assumptions. Therefore by invariance of domain F(A n ) is open. 

Now consider the function v := d p — u over the open set 

E n := E n F(A n ). 


We have v > 0 and Av = A d p + r/ over it. First let us show that Av has a positive infimum over E n . 
Lemma [8] (which does not assume any regularity about the free boundary) shows that A d p + rj > 0 
on the free boundary. Thus if we choose the neighborhood around xq small enough, then as the tale 
of each segment (along the p-normals) in F(A n ) is in that neighborhood, A d p + T] will have a positive 
infimum there. Also it is positive at the free boundary point on each segment. We also know that 


A d p +rj = r] - 


(p-l)f 


p 1 p 


f /v p dp 


Thus it can not change sign twice along these segments, as d p grows linearly along them. (In the 
degenerate case of Assumption [T| we have A d p = 0 and this expression is certainly positive.) Hence 
A d p + r) > 0 on E n . And as it has a positive infimum on the tale of segments, and by compactness 
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a positive minimum on their initial points on the free boundary, we can say it has a positive infimum 
over E n (note that it is monotone along segments). Therefore we have 

Av > A > 0 

on E„ for some constant A0 Now let 

(5.4) w{x) := v(x) — v(x) — —\x — i| 2 , 
where 

x = y{s n ) + {5{s n ) + e')n(s n ) G E n . 

Then we have 

Aw = Av — A > 0, 

and w{x) = 0. So by the maximum principle supw > 0 and is attained on dE n . But on the free 
boundary and on the segments 

{y(t) + I t = t' n ,t' n+1 > m n < s < 6{t)}, 

we have v = 0 so w < 0. Therefore supu> must be attained on 

Bn ■= {y{t) + M n n{t) I t' n+1 <t<t' n } U {y(t) + s/j,(t) \ t = t' n , t ' n+1 , 5{t) <s< M n }. 

Hence for some x' in this set we have 

v(x') — v(x) — ^\x' — x\ 2 = w(x') > 0, 
or (noting that M n > S(t' n ), S(t' n+1 ) ) 

(5.5) v{x') - v(x) >^\x'~ x\ 2 > C ^ min{|(5(4 +1 ) - 6{s n ) - e'| 2 , 1 5{t' n ) - 6{s n ) - e'| 2 }, 
where C depends on the maximum and minimum of the C 1 norm of F on a set of the form 

{to < t < t 0 + e, 0 < s < M}, 

which can be shown similar to before that F is C 1 over it with a C 1 inverse. Letting e' -> 0 we get 

v(x') > C'^min{|5(t; +1 ) -5(s„)| 2 , \6{t' n ) - 5(s„)| 2 }. 

However B n intersects the free boundary at its end points. Let the closest endpoint to x’ be x". Then 
as u is C 1,1 away from dU, we have 

(5.6) v(x') < C'\x" - x'\ + v(x") < C'C[{t' n - t' n+1 ) + (M n - 6(t' n )) + (M„ - S(t f n+1 ))}. 

Where C' bounds C 1,1 norm of v = d p — u around xq, and C is as before. Therefore we have 

(5.7) | S(t n ) - <5(s„)| 2 < min{|5(^ +1 ) - 5(s n )| 2 , |5(t^) - 6(s n )| 2 } 

A C[(t' n - t' n+1 ) + (M n — 6(t' n )) + (M n — S(t' n+1 ))] ->• 0. 

n—too 

But this contradicts the assumption. Hence S is continuous at to- □ 


^Note that A is independent of n. 
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Remark 3. If we allow dU to be piecewise smooth and to satisfy Assumptions [T] or [2] at degenerate 
points, then we can still say that the free boundary is locally a continuous arc. To see this take xo to 
be a point on the free boundary (inside U), and let yo be the p-closest point to it on the boundary (we 
know that xo ^ R p , o)- If yo is a regular point or a degenerate point of Assumption [I] then around it 
we can still represent the free boundary as the graph of a function S and the previous arguments apply. 
If yo is a reentrant corner and Xq is between the inward p-normals at yo, then we can define a similar 
function S (of the angle between xgyo and one of the p-normals) whose graph is the free boundary and 
the analysis is similar to before. (Note that in this case A d p > 0 and d p is just the p-distance from 
the corner, so the analysis is actually simpler.) 

And finally if xoyo is in the direction of one of the p-normals, then we can prove the continuity from 
each side separately. Although the above proof needs modifications as we did not show that 1 — n p d p is 
necessarily nonzero at these points. Therefore the “open” set in the proof is not necessarily the image 
of an injective map0 Nevertheless the analysis below does not apply at these points and we can not 
get regularity at them. So we do not go into the details of this case. 

Now we can apply the following theorem proved in Friedman [8||. Note that the free boundary is 
locally a Jordan arc, since it is parametrized by the continuous injective map 

t ^ y(t) + 

Injectivity follows from the arguments in the beginning of this section resulted in the definition of <5, 
and the fact that the free boundary is part of the plastic region. (Thus points of the free boundary 
have a unique p-closest point on dU to them.) The case of reentrant corners is similar. 

Theorem 10. Let V be a simply connected domain in R 1 2 whose boundary dV is a Jordan curve, 
and let T C dV n B r (x o) be a Jordan arc (for some R > 0). Also assume that u £ C 1,1 (y U T), 
f £ C m,a (B R (x o)), 4> £ C m+2,a (B R (x o)) where m> 0, 0 < a < 1. And assume that u satisfies 

A u = / in V fl Br(x o) 

(5.8) u = <f >, Du = D(f> on T 

/ - in B r (x o). 

Then T has a C m+1,a nondegenerate parametrization. 

Now we can take Xq on the free boundary (inside U ) to be a point where d p is at least C 3,a for 
0 < a < 1 around it. Take V to be the subset of E, the elastic set, consisted of points above the graph 
of 6 around Xq■ Note that V is simply connected as we can project any loop in it onto the graph of 
S and then shrink it to a point. We know that u is in C' 1,1 (V’). If we show that —r) — A d p ^ 0 at 
Xo, then by continuity we can choose a small ball B r (xo) such that —n — A d p ^ 0 everywhere on it, 
and the theorem applies. We use the following lemma from Friedman [8| to show this. Note that our 


1 f 'The one-sided continuity from the region between the two p-normals follows as before, if we are not in the degenerate 

case of Assumption [2] Continuity from the other side follows similarly in some cases, for example when k p = 0 at the 
corner. 
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problem is equivalent to 


(5.9) 


—A(—it) + 77 > 0 
—u > —d p 

(—A(— u) + rf){—u + d p ) = 0. 


Lemma 8. Suppose 


—Am +/ > 0 
m > <j> 


(—Am + f)(u — cj>) = 0 


in U, and u £ C' 1 , 1 (t/), <p £ C 3 . Then on the free boundary, if f — A <p and D(f — A <f>) do not vanish 
simultaneously, we have f — Acp > 0. (The free boundary is the boundary of the set {u > </>} inside U.) 


Hence we only need to show that if := rj+ Ad p > 0 along the free boundary, by showing that if, Dip 
can not vanish simultaneously there. In order to prove the latter fact, suppose at a nondegenerate 
point xq we have 


if = T)+ A d p = r] — 


{p - 1 )k p t p 
1 k p d p 


= 0 . 


As r),T p are positive, this implies that K p (y(x 0 )) 7 ^ 0. (Note that as free boundary is plastic we have 


1 — Kpdp 7 ^ 0 there.) Now we have 


(5.10) 


Dpip = DpAdp = 


-(p-1)k 2 p t p 

(1 Kpdp) 2 


Dp, dp — 


-(P -1 K t p /n 

(1 - Kpdp) 2 


Since k p ,t p do not change along p = p(y(x 0 )) and Dpd p = 1. In case of degenerate points of 
Assumption [TJ we showed that there A d p = 0 so ip > 0. Finally if y{x 0 ) is a reentrant corner and xo 
is between the inward p-normals, formula (14.21) shows that A d p > 0, hence ip > 0. 

Now if we show that the free boundary has no cusps, we have proved that it is a smooth curve. The 
following theorem proved in Friedman [ 8 | for p = 2, but the proof works in this more general setting 
with no change. 


Theorem 11. The plastic set has positive density at each point of the free boundary where d p is C 3,a 
around it, for some 0 < a < 1. 


Therefore putting all these together we get 

Theorem 12. The free boundary is locally C m ’ a (to >2, 0 < a < 1) or analytic, if the part of dU 
that parametrizes it is C lm + 1 ’ a or analytic. Any open part of the free boundary that has a reentrant 
comer as its p-closest point on the boundary, is analytic. 

Proof. Theorems [G] and [7] imply that d p is C m+1,a around the free boundary. Also by Theorem [51 the 
free boundary is locally a Jordan arc. Therefore we can apply Theorem [TU] with <p = d p and conclude 
that locally, the free boundary has a nondegenerate C m ’ a parametrization. This together with the 
fact that the free boundary has no cusps (Theorem HT1) . give the result. The case of reentrant corners 
is similar, noting that d p is analytic around them. □ 


17 





Note that by this theorem the free boundary is smooth, except at the finite number of points on 
it which have a reentrant corner as the p-closest point to them, and lie on the direction of an inward 
p-normal at that corner. 

6. The p -bisector 

Now we focus on understanding the shape of the free boundary. Consider the line ax + by + c = 0 
and the point (xp,pp) in the plane. We want to find the p-distance of the point and the line. The 
direction of the p-normal to the line is 

(a|a| , fo| fo| ). 

The p-closest point on the line to (xp, yo), is the intersection of the line and the line that passes through 
(xp, 2/o) in the direction of the p-normal. Let that point be 


Then 

Hence 

( 6 . 1 ) 

Therefore the p-distance is 


(*o,Po) + t(a|a|p-i,6|fo|p-i). 


a(x 0 + ta\a \) + b(y 0 + tb\b\ p-i) + c = 0. 


t = — 


ax 0 + by 0 + c 
|a| + |6 |p=t 


( 6 . 2 ) 


d p = |t| (|<x| + |6|~)p 

|ax 0 + by 0 + c| 

(|a|~ + |6| 

_ |ax 0 + by 0 + c| 

' (\a\« + m L « ’ 


where q = is the dual exponent to p. This also implies that 
(6.3) d p = cd-2- 

Where c is some positive constant depending only on p and the line, but not on the point (xp,pp). 

Definition 7. The p-bisector of an angle is the set of points inside the angle that have equal p- 
distance from each side of the angle. 

It is easy to see from the above arguments that the p-bisector of an angle is a ray inside the angle 
emitting from its vertex. 

7. Nonreentrant Corners 

Theorem 13. Suppose w £ W 1,!X {U), and w > 0 on 9170 Also suppose that —Aw > 0 in the weak 


sense, i.e. 


i 


Dw ■ D(j>dx > 0 


for all <j) £ Hq(U) with <f> > 0 a.e.. 


Then w > 0 on U. 


1 ^For this theorem, we assume that dU is Lipschitz. 
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Proof. Let <f> = —w := — min{«;,0}. We have 


' {ju<0} 


\Dw\ 2 dx = / Dw ■ D(—w )dx>0. 


As w is Lipschitz continuous, {w < 0} is an open set. But by the above, Dw = 0 a.e. on this open 
set. Also w = 0 on d{w < 0}. Therefore {u> < 0} must be empty, and w > 0 everywhere on U. □ 


Now suppose 

(7.1) G := {(r, 9) | 0 < r < ro , —a < 9 < a}, 
and a < n/2. 

Lemma 9. Suppose u £ W 1,0 °(G) has Laplacian bounded from below in the weak sense, i.e. for some 
C\ > 0 we have 

/ Du ■ D(j)dx < Ci / (f>dx for all <j> £ Hq(G) with <j> > 0 a.e.. 

Jg Jg 

Also suppose that u vanishes on the straight sides of G. Then there are positive constants C, v, such 
that for r small enough we have 

(7.2) u(r,6) < Cr u d p (r,9), 
where d p is the p-distance from the straight sides of G. 

Proof. First assume that a > n/A and consider the following function on G 

7r 7r 7*2 

(7.3) v := r E cos(— 9) + —(sin 2 6 — cos 2 0tan 2 a). 

2a 2 

It is easy to see that in G 

(7.4) Av = 1 — tan 2 a < 0, 

and v = 0 on 0 = ±a. If ro is small enough then v > 0 on r = ro- Also Dgv(ro, —a) > 0 and 
D_gv(r 0 ,a) > 0 (because cos(^0) > 0 and < 2). Hence for C > 0 large enough 

(7.5) A (Cv — u) < 0 in the weak sense. 

And also Cv — u > 0 on r = ro- Since its inward derivative is positive at (ro,±a), so it is positive 
around them. (Actually, we only need to work with the Lipschitz constants.) Also on the remaining 
part of r = ro it is positive, because the coefficient of the dominant term of v there, i.e. cos(^0), has 
a positive minimum there. Also Cv — u vanishes on 9 = ±a. Therefore by the maximum principle we 
have 


(7.6) 

inside G. Hence 


u < Cv 


u(r , 9) < 2 Cr^ cos (—9) = 2Cr v l C ° S [ 2 ° 0 \ 
2 a to(9) 


Where v = ^ — 1 > 0, and 


l = ru{9) = 


r sin(6 l + a) —a < 9 < 0 
r sin(a — 9) 0 < 9 < a 
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is the euclidean distance of the point (r, 9) from the straight sides of G. But the function 6 ' > is 

bounded for 9 £ (—a, a) as it is continuous and has finite limits at ±a. Thus 

u(r, 9) < Cr u l. 


But by the formula (16.31) we have 

d p (r , 9) > cl. 

(Note that there are two sides and we have to take the minimum of both the distance and the p- 
distance to them, hence the equality in the formula (16.31) becomes an inequality.) Hence for small r 
we get 

(7.7) u(r, 0) < — r v d p (r , 0). 

c 

When a < 7r/4, we need to find an appropriate replacement for v. Consider w, the minimizer of / 
over K(G). As proved in the Remark [I] w satisfies the bound (17.21) . It also has negative Laplacian 
around the vertex of G. Also, w vanishes on the straight sides of G, and is nonnegative inside it. 
Consider G C G, which consists of all points with r < ri, where rq is small enough so that Aw = —77 
on G. We can also choose ri such that w is positive on some point of dG. Since otherwise w = 0 on G 
and can not satisfy the equation. As Aw < 0 inside G and w is nonnegative on dG, strong maximum 
principle implies that w > 0 inside G. 

Now let G C G be the set of points with r < r 1 — e. Then on the circular part of dG we have w > 0. 
Also the inward normal derivative of w is positive on the endpoints of this circular part. The reason 
is that it is nonnegative and if it was zero we would have Dw = 0 at that point (note that w = 0 
on the straight sides of dG). But this gives a contradiction because the second derivative of w along 
the inward normal must be negative (since Aw < 0 and the second derivative of w vanishes on the 
straight sides of dG). Thus if we move along this inward normal w decreases and becomes negative 
which is a contradiction. Therefore w has all the necessary properties of v and the previous proof can 
be repeated (note that the comparison must be made on G, not G). □ 

Theorem 14. If yo is a nonreentrant comer, then there is R > 0 such that U D Br(jjq) is elasticfi^ 


Proof. First suppose that yo is the intersection of two line segments S, S' of dU, making the angle 
2o < 7 r. We can choose a polar coordinate centered at yo such that 


(7.8) 


G := {(r, 9) \ 0 < r < r 0 , —a < 9 < a} C U. 


Note that 


(7.9) 



in E 

a.e. in P, 


and Ad p is bounded away from the p-ridge especially in P0 Thus we have that A u is bounded in G. 
(Note that there is no reentrant corners there, so A d p does not blow up as we approach the boundary.) 
We assume that ro is small enough so that the p-closest point on dU to any point in G lies on the 


■^We need to assume that if one of the tangents to dU at yo is parallel to one of the coordinate axes, then Assumption 
[T]holds at yo, and around it there is no degenerate point of Assumption^ This is necessary to ensure that k p is bounded 
around yo . 

■^Since k v is bounded around yo, 1 — K P d p —»• 1 uniformly, as we approach dU. Also, 1 — K p d p > 0 on P around yo, 
so it has a positive minimum there. In addition, t p k p is bounded on dU as we assumed that Si s are smooth up to their 
endpoints. Hence A d p is bounded on P around yo- 
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sides of the angle at yo- Then Lemma [9] implies that the region U (1 {r < R} is elastic for some small 
R, because 

(7.10) u{r,9) < Cr u d p (r, 9) < CR v d p {r,9) < d p (r,9). 

Now suppose yo is a general nonreentrant corner. We reduce this case to the previous case. Let g be 
a conformal map from a sector G with straight sides to a neighborhood of yo (obviously the opening 
angle of G is the same as the one at yo). As proved in Friedman [§|, g and its inverse have bounded 
derivative up to the boundary. Let 

(7.11) u{z) := u{g(z)) 
be a function on G. Since g is conformal, we have 

(7.12) Au=\Dg\ 2 Au. 

And as Dg 1 Au are bounded, A u is also bounded. Hence by Lemma [9] 

u < Cd p f v 

near the vertex of G. Where d p , f are respectively the p-distance from the straight sides of G, and the 
distance from its vertex. As Dg is bounded we have d p < Cd p and f < Cr. Therefore we get u < d p 
in a neighborhood of yo- □ 


Remark 4. This is another proof of the above theorem, when a < 7r/4 and dU consists of line segments 
near yo . Here we only use Lemma [9] for a > 7r/4. 

Divide the angle by its p -bisector. It is enough to show that a sector of each of these smaller angles 
(the p-halves) is elastic. Let U' be a domain containing U such that dU' contains S and another line 
segment S" starting at yo on the same side of S as S', making the angle "/ £ (tt/2 , tv) with S. Thus yo 
is also a nonreentrant corner of dU'. Let w be the minimizer of I over K{U'). We claim that u < w 
on U. To see this consider the test functions 


v := u + (w — u ) 


u u < w 
w u > w 


v := w + (u 



u <w 

= w — [w 

u > w 


u) . 


(We consider u to be zero outside U.) Now u,w are both minimizers of the functional / over some 
closed convex sets. Also v, v belong to those sets respectively (note that v = 0 on dU as w > 0 = u 
there). Hence we have 


and 


/ Du ■ D(y — it) — rj(v — u) dx 

Ju 

= / Du ■ D(w — u)~ — r](w — u)~ dx > 0, 
Ju 

/ Dw ■ D{v — w) — rj(v — w) dx 
JU' 

= / —Dw • D(w — u)~ + rj(w — u)~ dx > 0. 

Ju 
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Note that (w — u ) is zero outside U as w > 0 and u = 0 there. Thus the domain of the second integral 
can be changed to U. Adding these two integrals we get 

(7.13) I D(u — w) ■ D(w — u)~ dx = — / \D{w — u)\ 2 dx > 0. 

J U J { w<u } 

Therefore w > u a.e. which by continuity gives the required result. Because otherwise we must have 
w — u is a constant on the open set {w < u} (again using continuity) and as it vanishes on the boundary 
of this set it must be zero on the set, which is a contradiction. 

Hence for small r 

u(r, 9) < w(r , 9) < d p ((r, 9 ), dU'). 

But when the point (r, 9) is in the p-half attached to S of the angle at yo on dU (and r is small enough) 
we have 

dp(M), dU') = dp(M), S) = d p ((r, 9) , dU). 

So u < d p (-,dU) as desired. 

8 . Flat Boundaries 

Let y(t) be a parametrization of part of dU and as before y(t) + 8(t)p(t) be the parametrization of 
the free boundary attached to this part. If S(t) > 0 for t £ (a, b) and 8(a) = 8(b) = 0 then we call the 
set 

{y(t) + sp(t) | t G [a, b \, s G [0, <5(t)]} 

a plastic component. 

Theorem 15. The number of plastic components attached to a closed line seamenW\ of dU is finite. 

Proof. For simplicity let the line segment be {(a;i,0) | a < x\ < b}. Suppose to the contrary that 
there are infinitely many plastic components 

P r = {(xi,x 2 ) | xi G [ai,bi] , x 2 G [0, <5(cci)]} 

attached to the line segment. Where <5 is a continuous nonnegative function on [a, b] and bi < at+ 1 . 
Note that as we proved, 8 is analytic on the set {A > 0}. Let 

Hi := max 8(x). 

xe[ai,bi] 

Since bi — Oj —>• 0 as * —> oo, we must have Hi —> 0. Otherwise a subsequence, H ni converges to a 
positive number and by taking a further subsequence we can assume that this subsequence is 8(x ni ) 
where x ni —> c. But this contradicts the continuity of <5 at c because b ni —> c too. 

Hence any line X 2 = e intersects only a finite number n(e) of Pf s, and n(e) —» oo as e —>• 0. 
Consider a piecewise analytic curve 7 in the elastic region E, such that it starts at (a, 0) and ends 
at (6,0) (if Pf s accumulate at one of these points, then 7 will start or end at a point (a — e, 0) or 
(6 + e, 0 ) if these points have an elastic neighborhood and if not, at the free boundary point on the 
lines X\ = a — e or aq = 6 + e). We also consider 7 to be close enough to the segment so that for points 
between them the p-distance to dU is the p-distance to the segment, so for those points d p (x,dU) is 
a function of only X2- 

Now consider E e to be the elastic region enclosed by 7 and the line X 2 = e- The dE e consists of 7 , 
segments on the line X 2 = e and parts of dPf s. On every segment on dE e n {X 2 = e} with endpoints on 
the free boundary, the function D Xl (u — d p ) = D Xl u is analytic and changes sign as u — d p is zero on 

“"'I'liis means that the segment is a closed proper subset of a line segment of dU. 
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the endpoints and negative between them. Let (c, e), ( d, e) for c < d be points close to those endpoints 
such that 

D Xl u(c, e) < 0 , D Xl u(d,e) > 0. 

Then as proved in Friedman [§J the level curves of the harmonic function D Xl u can be continued until 
they exit its domain U E e . But D Xl u = D Xl (u — d p ) is zero on the free boundary and on the segment 
X 2 = 0, hence they must exist through 7 . This implies that D Xl u changes sign at least 2 n(e) — 1 
times on 7 , since the level curves do not cross each other. But this number grows to infinity as e —> 0 
contradicting the fact that 7 is piecewise analytic and D Xl u is analytic on a neighborhood of it. □ 

Acknowledgement. I would like to express my gratitude to Lawrence C. Evans and Nicolai Reshetikhin 
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